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Abstract :\ theoretteal <tnd numerical <tnalysis of the formation of a localized neck in a biaxially
,tretched sheet is presented A time-mdependent constttutive law is assumed to be incrementally
non-linear a, suggested by mIcromechanical studies of the elastoplastic deformation of poly­
crystalline metals. The tneiplent width of a necking band m an infinitely thin perfect sheet of a time­
independent material i, found here to have a well-defined tnttial value. proportional to the in-plane
,heet dimension. During subsequent post-critical deformation the boundary of the necking band
movcs with respect to the material until the transition to localized necking is completed. These
conclusions are derived on a theoretical route from the condition of stability of the post-bifurcation
deformation process and arc confirmed by the numerical analysis performed for a sheet of finite
thickness

I Il\TRODlCTION

According to Hills' (llIS2) theory. localized necking in thin sheets in the plane stress
idealization corresponds to a discontinuity of velocity, or alternatively to a vanishingly thin
band where the strain rate is infinite relative to that outside the band. In biaxially stretched
sheets the localized necking can be preceded by a transitory (quasi-stable) process of
concentration of deformation Icf. Marciniak (1978)]. It is the purpose of this paper to
provide a theoretical and numerical analysis of that process in a sheet of finite in-plane
dimensions. when in-plane diffuse necking is disregarded or excluded by kinematic bound­
ary conditions. A novel feature of the present study is that the width of the zone where the
strain is concentrating can be determined and can decrease gradually in time.

For the plane stress time-independent model of a perfect sheet and in the circumstances
to be specified later. the transitory process starts at the bifurcation point when the linearized
equations of continuing equilibrium loose ellipticity. The time-independent model with no
intrinsic length variable has been regarded as providing an undetermined or vanishing
width of the subsequently forming localization band. Contrary to that widespread opinion,
it will be shown belo\\ that the incipient width of the necking band (or bands) can be
calculated. being proportional to the in-plane dimension of the sheet. During further
stretching, the boundary of the necking band need not be fixed but can propagate with
respect to the material until the transition to localized necking is completed.

There are two essential ingredients of the theory used to obtain those results. First, the
time-independent incremental constitutive law for an elastic-plastic material is not restricted
to have only two linear branches corresponding either to loading or to unloading as in the
classical elastoplasticity. but is allowed to admit an arbitrarily non-linear velocity-gradient
potentiaL This is in accord with micromechanical studies of elastoplastic behaviour of
polycrystalline metals (H ill. 1967: Hutchinson, 1970) which predict the existence of a non­
linear transitory range in the stress- or strain-rate space between the constitutive cones of
"total" loading and elastic unloading, associated \\ith formation of a vertex on the yield
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surface, If the classical daslOplastic ml)(lel with a smooth yield surface is used then unreal­
istically high values of the strains at the onset of localized necking under kinematically
controlled hiaxial stretching are ohtained, unless sufficiently strong initial imperfections are
introduced as in the M K-approach (M arciniak and Kuczynski, 1967). On the other hand,
S«)ren and Rice (]975) have demonstrated that the use of the total loading moduli at a
yield surface vertex can reduce the predicted critical strains at the onset of localization to
the experimentally observed level without the need of appealing to imperfections.t To
study suhsequent development of a necking hand, the non-linear range of the incremental
constitutive law has to be specified. Christoffersen and Hutchinson (1979) have applied
their phenomenological model of the elastoplastic response at a yield surface vertex, known
as the .l, corner theory of plasticity. They used the MK-approach and assumed that the
straining history outside the hand is uniform and given independently of the necking
process.

Here, the interaction between the deformation inside and outside a necking band is
not disregarded. Under the assumptions of plane stress and after reducing the problem to
one dimenslolL the hifurcation theory predicts an inherent indeterminacy in the localization
process. As discussed in Section 3. infinitely many incremental solutions associated with
different band width evolution can exist at every stage of the past-critical deformation.
including the critical instant. all the solutions heing correct from a mathematical point of
\ie\o\. However. they need not ta be equally correct physically. The actual deformation
process must in some sense he swhlt' in order ta be realizable in a physical system. As the
second essential ingredieJ1l of the theory used here. we shall apply the energy criterion
of instability of a deformation procCII, formulated by Petryk (]985) under the general
assumptions of Hill's (1959. 197(-\) theory of bifurcation: justification of the criterion has
been given by Petryk (1991. 1992) Petryk and Thermann (1992) have shown how the
criterion can be used in numerical calculations to select the possibly stable post-bifurcation
branch: the narrower concept of instahility of C(/lIilihrillll1 is known to be insufficient for
this purpose. In the present paper the crilc:non is used to generate an additional equation
which ren1llves the aforementioned IIldeterminacy of post-critical deformation.

In a perfect sheet of finite thickness. the necking can start without loss of ellipticity of
the gO\erning (linearized) equations. Contrary to the plane stress case. the post-bifurcation
process of strain concentration can be determined numerically in a straightforward manner
so long as local (surface or material) instabilities do not come into play. In Section 4 a
comparison is made between the results of finite element calculations for a finite sheet
thickness and the plane stress results based on the stability condition. As a necessary
preliminary step to a future analysis of more complex boundary conditions. the idealized
problem With the deformations bemg uniform in the direction of the smaller principal
stretch has been considered. The material has been assumed to obey the finite strain version
<lfthe}, corner theory of plasticity so that a comparison can also be made with the previous
calcula tions done by Christoffersen and Hutchinson (1979).

~. FOR\H I.ATI<):\, OF- THE PROBLFM

ConsLder a plane sheet in the r(ctangular Cartesian coordinates (.YI'Y" x,) such that
the\,-axis is orthogonal to the sheet plane (Fig. I). The sheet, initially homogeneous and
isotropic in the plane (.rl"Y2). is subJect to quasi-static hiaxial stretching in the XI and X2

directions. We assume that normal \ elocities and zero shear tractions are prescribed over
the sheet end planes. XI = - I, X,= I and .\, = O. X2 = I,. say, so that the averaged values
15 1, 15, of Eulerian strain rates D! . D2 , arc given. Since the material is time-independent,
only their ratio p = D2.15] is relennt: we assume that 0 < p ~ I. The sheet surface is
Iraction free. The ratio of a (non-unLform) current sheet thickness h to / is assumed to be
small (infinitesimal in Section .\ hut finite in Section 4): the dimension I, will have no
signiticance

.; Rel·l'nill. Hill 11')<11) suggested IIl"t cilll'OIWpll' hardening llla\ be Ihe key 10 ul1lkrslanding localized
Ilcl',inQ 1\lthoLlt111vO'111g \lcld ,erllCes or \btTlnla, grooves. at least in certain CliTumstance,. 11 is not evident.
IHlIle\~r. h,,\\ to april 1I;1~ idea to Ihe prl,hkll1 1'1" ,in~111atil'<ill\ cOl1trolled stretching nalll111ed here.
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In Appendix A it is shO\\l1 that so long as the linearized rate equations of continuing
in-plane equilibrium under plane-stress conditions are strongly elliptic and of constant
coefficients then they admit only one uniform solution to the boundary value problem
specified above. The primary bifurcation mode ~l at the instant of ellipticity loss does not
involve variations along the\,-axis, at least for the coefficients determined from the 12

deformation theory of plasticity. Accordingly, the analysis of non-uniform deformations
shall be restricted here to a generalized plane problem in the (XI' Xl) plane, all quantities of
interest being independent of X 2 (Fig. 1); this is also in accord with the common experience
that the localized neck forms normal to the direction of the larger stretch. The tangential
components F21 • F" and (J21' (J2' of the deformatIon gradient F and Cauchy stress (J,

respectively, are assumed to vanish identically, and D22 always coincides with given 152,

Constitutive rate equations for a time-independent material undergoing isothermal
deformation can be written as follows (with the summation convention adopted for repeated
subscripts) :

(I)

where t'l are components of the corotational (Zaremha Jaumann) flux of the Kirchhoff
stress T = det(F)(J. and the symbolic parameter'll denotes the current state of the material,
dependent on the prior deformation history. Arhitrary "hardening" or '"softening" charac­
teristics are allowed. Taking for simplicity the current configuration as the reference, it will
be convenient to rewrite eqn (I) as

s' = .~(F. 'II I = C D.W )f. (2)

(3)

Here. 5 j ; are components of the tirst Piola· Kirchhoff stress tensor (i.e. of the transposed
nominal stress tensor). Fcoincides with the velocity gradient. a dot over a symbol denotes
the forward rate, 6, is the Kronecker delta and Q is the material spin.

We shall assume. following Hill (1959. 19711), that the constitutive rate equations (2)
admit a velocity-gradient potential (continuously differentiable and homogeneous ofdegree
two in F). viz.

so that

(4)

( ~- C r,. ,. (5)

The material "stiffness" moduli C Lrid can depend on the direction of D in a non-linear
and piecewise continuous manner. and are ohviously undefined for D = 0 unless U is
quadratic in F. The equations of l'lassical plasticil\ with a smooth yield surface and the
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normality tlO\\ rule represent the special case of eqn (4) with L Uk / being constant on each
side of a hyperplane in D-space.

1. PLo\'-.L STRESS IDEALIZATION

Throughout this section we make use of the additional simplifying assumption of the
plane stress state being uniform across the sheet thickness h(x l ) « I. We assume that Pu
and 51! for i *i can be taken as zero identically, and work with the principal values Dk and
51,' The strain rate D, at given !If is assumed to be a single-valued function of (D I , D 2),

determined from the condition 5, = °(provided C31B *0). The plane stress specialization
of the constitutive potential C is defined by

(6)

with constitutive rate equations

(7)

and plane stress moduli

(8)

All quantities of interest are nO\\ independent of X2 and X3' At a given stage of non­
uniform deformation of the sheet. 11 may formally be replaced by XI; in the formulae
below the obvious dependence on XI will not be indicated explicitly to simplify the notation.
Without loss of generality we can assume that the deformations are symmetric with respect
to the point '\1 = 0 where the velocity IdO) = 0. A quasi-static solution to the rate boundary
value problem is represented by a velocity function 1'1 : [0, I] --> R, assumed to be continuous
and piecewise continuously differentiable. The set of (kinematically admissible) functions
II which satisfy the kinematical boundary conditions:

r IOj = O. II (I) = ID I (9)

\\ill be denUled b\ I I. A \elocity solution is a function 1'1 Ei l such that on substituting
D I = 1

1
'-= dr, d\ ,Ind D: = (5. into eqn (7) it satisfies the condition of continuing

equJlihnull1

(10)

it is recalled that the current configuration is taken as reference.

3.1. Sluhilitr condilion

According to the energy criterion of plastic instability (Petryk, 1985, 1991) specified
for the present problem with zero potential energy of external loads, a solution v? can
correspond to a stable deformation path only if it minimizes the second-order work func­
tional among all kinematically admissible velocity functions, viz.

I (II" .D:)hdx
I

foreverYl:IEf I·
.. I ~

(11 )

On the other hand. any solution I,. stahle or not. assigns to the left-hand functional a
stationary value in 1 I [cf. Hill (1959)J.

The integral condition Ill) is easily shown to be equivalent to the following pointwise
condition:
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( 12)

provided XI is a point of differentiability of r'I" Equation (12) is the classical Weierstrass
condition of the calculus of variations for the minimization problem (II). The expression

(13)

defines the Weierstrass function associated with [' ( '. [j,. jf). representing the excess of ['
at D t over its linear approximation constructed at })". Here and in the following. the
quantities distinguished by the superscript zero. are associated with r".

In Appendix A the circumstances are specified in which along a uniform deformation
path the uniqueness of a velocity solution and the incremental stability of deformation in
the sense of eqn (I 1) are lost exactly at the point of ellipticity loss determined for the langent
moduli. that is. when a material state WCTI is reachcd such that the linearized bifurcation
condition

( 14)

is met: this is the critical point examined hy SWren and Rice (1975) in the case of biaxial
stretching.

The post-critical solution for the plane stress problem is not determined by the kine­
matic and static conditions alone. To select among infinitely many mathematically admiss­
ible alternatives the solution of physical meaning. we shall require the stability condition
( 12) to hold along the deformation path. This is the essence of the new approach developed
here. Some details of the analysis are given in Appendix B; more essential implications are
listed below.

3.2. The iflu/nenl \lidth oj necking hand
Assume for simplicity that 0 at if enl corresponds to continuing proportional straining

and represents thc axis of the constitutive cone of total loading within which the moduli
arc independent of D. The total loading cone is defined by cP < On. where 00 is the cone
angle and 4) ? 0 is an angle (in general. defined in terms of a scalar product generated by
an arhitrary positive-definite fourth-order tensor) between 0 and D.

Denotc by J} the angle between the plane strain rate (DtJ = (I. O. D 1 ( l. 0)) and (Dd· It
is found that if (p < (ill at if crn then. as a rule. any quasi-static continuation of the solution
(for a vanishingly thin sheet) violates the requirement of stability of equilibrium and is thus
unlikely to have a physical meaning.

Suppose thus that in the uniform critical state if '" satisfying eqn (14) we have (p > 00

and. moreover. (II > 0 for (,0 > II ll . The graph of [' as a function of D I at given D, = 15:> in
this state takes the form visualized in Fig. 2(b). with the linear range corresponding to total
loading [Fig. 2(a)]. Infinitely many solutions in velocities can be constructed atY1 CT

". In
particular. an arbitrary pair (uti. mO

') taken from the linear range of rJ (including the
limits D I and D at which cP = 110), such that Dlt l > D, > Dlt"'. defines a piecewise uniform
solution rl E i which describes incipient necking 111 a single band of width b. Such solutions
arc obtained by assuming 1"] (X,) = })'/"' for 0 <.\ < h and I" (XI) = D 1

1'" for b < XI < t. with

{j - f)'"
h = I 'I

DI
/"'-.. Dlt'"

( 15)

in order to satisfy eqn (9). The static condition (10) is evidently satisfied.
Under the assumptions specified. all the sol utions satisfy eqn (12) at the critical state

Y(CI". In the typical circumstances indicated in Appendix B. the solution 1"7 which satisfies
the condition (12) just hel'Ondj(cnl (if it exists) must additionally satisfy cP = 00 at ff'cnt at
every point of differentiability of {"Ii, i.e. not only within the incipient necking band but also
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Fig. 2 La) Strain rates and angles assoCIated with the constitutive cone of total loading. (b) Schematic
graph of the planc stress c()nstituti\t~ potential (" vs D, for fixed D, at the critical stage [eqn (14)].

!c) Thc graph Ot'vond the critical stage.

oursidl:' the band, so that D'/" = D, . D','" = D] . On determining these values from trig­
onometric relationships obtained with the help of Fig. 2(a), substituting into eqn (15) and
rearranging. we arrive at the following compact formula:

I (' tan Oil)h = 1- 1
.::' tan dJ

(16)

for the incipient width of the necking band in a perfect infinitely thin sheet of finite in-plane
dimension I. The assumption about formation ofjust one band under the adopted boundary
conditions is supported by the analysis of neck formation in a sheet of finite thickness; cf.
Section 4. If this assumption is dropped then the number and particular widths of necking
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ballcl~ bectlme uncldined hUI theIr 1(Jlul incipient \\ Icllh can ~till be determined from eqn
( 16)

3,3, PWhrll/cull'c!luli(Jllr

\Vithout In" of generaht~ v\e take the pre,cribed tlveralliogarithmic strain in the XI

direction. ('I = \' dl I. as a time measurc identified vvith r. so that DI = I. The analysis shows
that lvyo lone,'(h, and (ul tlf uniform straining can still exist in the post-critical range but
being separatcd from cach othert by an evolving transitory zone of non-uniform straining.
/\. peculi~lr kature of the present problem is that along ill1.1' post-critical path (stable or not)
imol\ing a homtlgeneous zone where thc graph of (vs D I has the qualitative form shown
In Fig. 2(c) or (b). then.. exisl infinitely many velocity solutions at erery instant. The
indetermlnac~ is ~lgall1 remov cd with the help of the sta bility condition (12). In the examples
cxamined in this paper. the post-critical (-graph in zone (h) is non-convex as in Fig. 2(c),
and thc solutllln path corresponding to a nccking band of a fixcd nominal width (i.e, when
the band boundary IS Iwt moving with respect to the material) has been found to be
unst~lblc,\ solution corresponding to the nominal width ofzonc (h) decreasing in time has
been ,earl'hed for :\t the nwv ing end-point of lOne (h) (0 <y'i" ~h) the strain rate
(but nolltl ,Lull'r, alllmp from the value Ur' in Il'ne (h) to D'I'" say. such that

<; I f)! Jj . If')= ,\ (f). /5.. If!')

To s~lti,rv eqn 1121 ,It !loth ,Ilk'S of the discontll1ultv point. wc must also have

( 17)

( 18)

at an~ Instanl: lhl' h Ihc addlt](JIlalequatlon dCrlved from the path stability requirement
[eqn (II)]

The tV\O unknnv\ns f)!' (fl, f)'I(fI. and thus the deformation history in zone (h), can
novv be lk'terlnined from l'qns 11 7 1and (18) withollt any reference to deformation in other
parts of the sheet. Once this has been done. the function D1('(I) in zone (a) can be determined
from eq n ( 10) and then h(l) ca n be 1'0 lind from eq n ( I"), The transi tion to localized necking
(/)'1" --+ -+- / and h ---> OJ is accompanied by approaching the limit of stability of equilibrium.

If a ~l11all imperkl'tlon i, introduced a~ in the MK-approach, then the above analysis
still apphes to the initICtllv honwgeneous part of the sheet outside the weakened zone. The
locahzed necking in the v\eakened zone can occur bel'ore 17 calculated as above falls to zero
but the difference ,hould lend 10 lero with the vanIshing magnitude of imperfection; this
IS clH1firlned bclov\ III c\ampk"

3.4. FVUlilIJI,"
The l'qU<lll\11b gl'h'rnln", Ihe ,tr<l1l1 devel\1pmem Ill/ones (h) and (iI) have been solved

nUllicricall~ bv emplovlllg an Il1cremental procedure, :\ tinlte str<lin version of the J1 corner
theor~ (Chri~l<>trcrsen ,IlHI Hutchinson. 1979) has been u~ed as an approximation::: of the
incrcmentall~ 1wn-lilwar plastic rl',ponse \11' the m'lterial at the current vertex point on the
yield surraee Im11ledi<lkly bc~ond the critical pl,int the graph of C vs D I becomes non­
convex. ,11K! tu s<llhf\ eqn 1121 the strain rates D'" and D lh

' must leave the total loading
cone V\ here thl' m\1duli <Ire ,Issumed to be thosc of the deformation theory of plasticity. In
the cakulation~ performed. the solutil)J1 with a li\cd nominal width of the necking band
violated londltion (121 III mne (hi while the soluti,)ll determined with the help ofeqns (17)
and (I XI V\<I, found t(, be :IC'-'l'l'l~lhlc,

: III lelLI, til,' "Ilk'r "I ,II'I'C,"'I!1c',' ,'I dille-lel11 ;"Ile, ,lIpl1,2 the ',-"lIS ]S 11"1 essential here, The order has
heell l'l)(1Sell Ie IL'I,'es<:11I ,I ,pIUliPI] II llh dill' IlL'c'killf' halllL "b1.1l11ed 111 the Ilmil 'IS" linite sheet thicklless tends
\('l/crp
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FIg:. .1. Post-critical evolution of la) stram rallo c,i',. (b) strain rate D\"'. IC) plane stress modulus
(". with overall logarithmic strain <',. in zone (h) of concentrating deformation and in zone (a)
outsIde the necking band. for p = I. Solid lines correspond to the band width determined from the
energy condItion of path stability. and dashed lines to a vanishingly narrow necking band. In all

cases (and for all next figures). N = 0.2. 11" = 22.5 . Ii, = 1.15.0 .

Sample results of the calculations are visualized in Figs 3 and 4. The material par­
ameters and the strain ratio p = I are taken as in one of the examples from Christoffersen
and Hutchinson (\ 979) in order to highlight certain similarities, and also significant differ­
ences between their results and the present ones. We take an exponent of the power
hardening law N = 0.2. an angle of the constitutive cone of total loading 00 = 225' and of
elastic unloading 0, = 135 ; for other details see the paper just cited. The elastic moduli
are taken to be sufficiently large (Young's modulus-to-stress ratio> 1000) to give practically
the incompressible rigid-plastic behaviour assumed in the reference. The plots in Fig. 3(a)
show the post-critical strain history in zones (h) and (a) compared with that determined as
in Christoffersen and Hutchinson (1979), but with no imperfection (not computed in the
reference) ; the latter case corresponds to the solution with b = 0 which we reject since it
violates eqn (12). Figure 3(b) shows the significant difference between the strain rate outside
the necking band and the prescribed averaged value D[ = I. The plots of cli'! and C\"/ (with
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0.0 1
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Fig. -I RelatIve width of the currcnt necking band. h I. determmed from strain-rate distribution.
and of the neck. h" I. determmed from thIckness distributlo]1. "" a function of overall logarithmic

strain (', (for I' II

the yield stress as unity) \S ('I are presented in Fig. 3(c). The end points on all eurves in Fig.
3, except on that for CV'i which go'es beyond the scale of the figure. correspond to the onset
of localized necking in the plane stress idealization.

Figure 4 shows how the relative widths of the necking band. hI, and of the neck, hh/.
vary with the overall logarithmic strain ('I. the former (but not the latter) approaching zero
at the limit of localized necking. The current width of the necking band, h. which cor­
responds to the non-uniformity of strain rate can still be conveniently defined by the
formula (15). the superscripts (a) and (h) referring to quantities within zones (0) and (h).

respectively. It differs. of course. from the curren t neck width hh corresponding to the
distribution of sheet thickness. defined by the analogous formula

II~·/!"
/;'h' 17'"

(19)

where (lis the averaged sheet thickness which can be approximately determined. e.g. by using
the incompressibility condition. The incipient width calculated numericallyt practically
coincides with that found from eqn (16) with ;p determined from eqn (84) (the relative
difference is less than 0.03 o!<,) on account of negligible elastic compliancies.

For the same material parameters as above, the forming limit diagram for proportional
increasing of the overall logarithmic strains ('I' I': has been calculated as shown in Fig. 5(a).
The dashed line represents the points of ellipticity loss and coincides with that determined
by Staren and Rice (1975): however. it corresponds here to the onset of instability of
uniform straining and not necessarily to the onset of localized necking. The onset of
localized necking predicted by th,e present theory is marked by the solid line and occurs at
a later stage of the non-uniform deformation provided Ii is not too smalL in this computational
case if Ii > 0.24. Only for smaller values of Ii does the localized necking occur as soon as
the point of ellipticity loss is reached. since then Ii> < (I"

Still for the same data. two alternative forming limit diagrams have been determined
[solid lines in Fig. 5(b)) which correspond to the limit local logarithmic strains in zones (0)

or (h) at the onset of localized necking. Between these two lines, there is a whole family of
forming limit curves which are dependent on a point in the transitory zone where the limit
strain is determined. For a major part of the sheet (note that h ~ 1!2) the lower line (a) is
relevant. After crossing the Storen .Rice curve plotted as a dashed line. the local strain
histories for a given Ii deviate from proportional straining, as depicted in the figure. Hence.

'j' VI ore preeisel\. thin found by baeb'ard extrapolation ,,\ thc p,,,t-critieal values, but the difference is
immaterial. .
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FIg. 'i. Predl(ted forming limit diagram la thld solid line) : (a) in proportionally increasing overall
strains <'•. ,',. (b) in local strains ('" (', in zones (Ii) and (a). Beyond the Stiiren-Rice (1975) curve
plotted as a dashed line. local strains become non-uniform and increase non-proportionally. Thin
solid lines in Fig. 5(b) show par\I(ular strain paths for zones (Ii) or (a) up to the onset of localized

nlTking. for p = I. 0.8 or 0.6.

the theory predicts that the limit strain outside a final band of localized necking in an
initially perfect sheet subject to proportional overall stretching is in general place-dependent
and is reached on a non-proportional route.

This general conclusion remains valid for a sheet with a local imperfection provided
the imperfection is sufficiently small. To show this, let us imagine, following Marciniak,
that a very narrow band is initially slightly weaker (e.g. thinner) than the remaining
homogeneous part of the sheet. Ifthis band is vanishingly narrow then it does not contribute
to the total extension of the sheet. This means that the above calculations of the stress and
deformation history in zones (a) and (h) apply without any changes to the imperfect sheet
outside the weakened band. The calculated stress history outside this band provides the
static condition for 51 which. with the kinematical condition for D2, enable us to determine
the deformation history at the \'.cakest point of the whole sheet. The localized necking
occurs (i.e. the strain rate at that point tends to infinity) when the plane stress modulus CII
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at that point I'alls 10 IlT,). this happen, at a p,lSIti\e \ aluc ,11' thc band width Ii found from
eqn (15).

The quantitatl\e clfect '11' thc preselKe 01' the Marciniak grooves on the local limit
strains is illustrated in Fig. (1 As Lhual. I dcnote, the ratio of the initial sheet thickness
within and outside the groO\e. It can be seen that the aforementioned conclusion remains
valid for/sufficiently close t,) unity. although the range of limit local strains outside the
groove decreased rapidly with I For larger impcrkctions this range shrinks to a single
value since then the cntical ';tage leqn (14)]1" not reached in Ihe uniform part of the sheet
up to the onset of local lied necking \\ithin the grom e

.j sHIIT OF I ''-III III1CK"SS

In this section the assumption of plane "tress IS dropped. and we consider the two­
dimensional boundary value problem in the (.v ,..\;) plane, defined in Section 2. The problem
is analogous to the standard problem of plane strain tension. with the difference that the
prescribed strain rate D. in the direction normal to the (.Y ,.\;) plane is now non-zero. As
shown below, this difference is associated with a qualitatively distinct post-critical solution.

In the numerical calculations reported here. the finite strain version of the J.... corner
theory of Christoffersen and Hutchinson ( 1979) has been assumed. with the same material
parameters as in the examples from Section 3. with the exception (having little influence on
the results) that the elastic constants are nO\\ taken to have more realistic values (the ratio
of Young's modulus to the initial vield stress being equal to 500. and Poisson's ratio 0.3).
The finite clement method has been employ cd b\ uSll1g essentially the same calculation
technique as that applied by Petrvk and Thermann (19\)2) to the problem of plane strain
tension: the reader is referred to that papcr and III the rekrences quoted therein for the
details omitted here.

The calculations \\ere performed for an inillally perfect rectangular sheet, of initial
dimension ratio 2/" h" = 100. subject tll balanced biaXIal stretching (p = I). The restriction
to deformation symmetric wIth respect to the mid-planes of the sheet was introduced so
that only one quadrant of the shL'ct cross-section In the Iv,.v;) plane was actually computed.
The quadrant was div ided inw (1()() 3 quadnl;ltL'r;i1 elements. each consisting of four
"crossed" triangles of constant strain.

The algorithm Implementcd In the COl11putLT prugr;lI11 makes it possible to cross
bifurcation points with automallc releL'tion of the I unstable) fundamental post-bifurcation
branch (Petryk and Thermann. I<)<)2). During the present calculations, only one bifurcation
point was found. and the In,tant ,Lilli mode of the bifurcation practically coincided with
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Fig 7 Distribution of (a) thickness st ram (, and i b I thickness strain rate JJ, in a sheet of initial ratio
1/ h" = 100 at several stages of balanced biaxial stretching il' = I. N = 0.1. 0" = n.5 .0, = 135.0).

those determined analytically by using the Hill and Hutchinson (1975) approach. The
results presented below thus appear to be independent of the algorithm used to compute
the post-bifurcation branch.

Although the strain-rate fleld just beyond the bifurcation point has the typical sinus­
oidal form. during subsequent deformation it undergoes rapid redistribution towards that
determined in the preceding section under the plane stress assumption. After an increment
of the overall logarithmic strain by 0.000 I from the bifurcation point, the two zones of
practically constant strain rate are already developed. Figure 7 (a and b) show the dis­
tribution of the thickness strain l;, = In(hho) and its rate 15) at several stages of the post­
critical deformation. It can be seen that the qualitative predictions of the plane stress theory
from Section 3 concerning the evolution of the necking band are in full agreement with the
calculations performed for a sheet of a flnite thickness. The latter provide information,
previously lacking, about deformations in the transitory zone.

The quantitative agreement is even more striking. This can be visualized by comparing
the evolution of the width of the nedi ng band (Fig. 8). The width hh corresponding to the
thickness distribution has been determined from eqn (19) with h th ) and hl<l) interpreted as
the minimum and maximum thickness. respectively. The width b corresponds now to the
distribution of the rate of thickness strain and is defined by the formula analogous to eqn
(15) :t

+For an incompressible material and for the stram rate independent of". the formulae (15) and (20) define
the same quantity. For the slightly compresslbk material assumed. the difference exists but is not essential.
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~ote the rapid drop of h and hI. from the initial \alue 0.5 / at bifurcation to the level
predicted by plane stress calculations: the broken lines show the respective band width
evolution determined as in Section 3 hut for the changed elasticity constants. As expected,
the curves start to diverge rapidly when the width of the necking band becomes of the order
of the sheet thickness so that the assumption of plane stress is no longer acceptable.

With the exception of this last stage of the transItory process. the actual finite value of
sheet thickness. provided small in comparison with /. has little influence on the numerical
results. Just the fact that the sheet is treated as three-dimensional changes the mathematical
character. of the post-cri tical incremental problem since at least the incipient necking is not
associated with the loss of ellipticity of the governing equations. The post-critical solution
can thus be determined without the need for introducing any extra condition. It may be
remarked, however. that the particular form of the solution illustrated in Fig. 7 is better
explained by the plane stress theory for an infinitel~ thin sheet.

, DISCl SSIO,", \'\,D «1'\( USIO"iS

The theoretical and numerical results presented ahove can be discussed from at least
two different points of view: of a general theor~ of post-bifurcation behaviour in ela­
stoplastic solids. and of the mechanics of sheet metal forming. Let us begin with the former.

The post-critical deformation of a biaxially stretched thin sheet of an incrementally
non-linear material has been examined in two ditferent ways. First. the plane stress ide­
alization was assumed and the resulting indeterminacy of post-critical behaviour was
removed by imposing an additional requirement of stability of the deformation process in
the energy sense [eqn (11 I]. Second. the assumption of plane stress was relaxed by intro­
ducing a finite sheet thickness. and then the post-critical deformation process could be
determined in a more straightforward manner without any stability considerations (but at
the cost of much greater computational effort). The results of both approaches have turned
out to be in excellent agreement With each other which might not be obvious in advance.
The agreement may be treated as an argument supporting the previous justification of the
energy criterion of stability ofa deformation path (Petryk. 1991).

The obtained interpretation of the point of ellipticity loss can also be of interest for
the theory of post-bifurcation behaviour. It has heen found that for incrementally non­
linear solids the loss of ellipticity of the lineanzed equations of continuing equilibrium
should not be identified wLth the onset of fully localized deformation. It marks the onset of
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instability of uniform straining but the post-critical deformations can concentrate gradually
as further external displacements arc applied. The "quasi-stable" process of non-uniform
deformation can continue until another critical point-the loss of stability of equilibrium
or (not studied here) of surface or hulk material stability-·is reached.

Before proceeding to the discussion of the mechanism of formation of a localized neck
in a metal sheet. it should be pointed out that the influence of factors such as anisotropy,
strain-rate sensitivity, possibility of fracture or of shear band instability has been disre­
garded. The material model used in calculations is not fully satisfactory, and the boundary
conditions also do not correspond closely to the experimental techniques used so far.
Therefore, the conclusions have to be treated v,ith due caution.

In previous studies it was usually assumed that strain localization in a plastically
stretched sheet starts and develops within a flmTO\1 band containing a fixed portion of the
material. The present work shows that that assumption may be incorrect if we take into
account the incremental non-Iinearit) of the material in accord with micromechanical
theories of plasticity of polycrystalline metals. Thc width of the zone where the strain is
concentrating can be initially of the order of the in-plane dimension and can decrease
gradually in time until a localized neck is eventually formed. Accordingly, the limit strain
outside the final band of localized necking is in general place-dependent and is reached on
a non-proportional route, even for ani nitially perfect sheet subject to proportional overall
stretching. The conclusion remains \alid for a sheet with a local imperfection provided the
imperfection is sufficiently small. Thc actual width of a necking band at early stages of the
neck formation need not be determined h) a small initial imperfection or by the sheet
thickness. Rather. we have found that the band width evolution in an initially perfect sheet
results from interaction of various material parameters, including those characterizing its
incremental non-linearity associated with a vertex on the yield surface. From the point of
view of predicting the sheet behaviour this is rather unfortunate since such material par­
ameters are difficult to measure experimentally. On the other hand, a possibility is offered
to determine such parameters indirectly, by precise measurements of the post-critical behav­
iour of the sheet. For instance, the fnrm ula ( (6) might be used to determine (Jo.

In view of the sensitivity of the post-critical behaviour to material parameters, bound­
ary conditions and sheet imperfections, it is at present difficult to draw any definite con­
clusions from comparison with the available experimental data [cf. e.g. Marciniak and
Kuczynski (1967) ; Azrin and Backolen ( 1970) : Painter and Pearce (1974) : Ghosh, (\ 978)],
hut at least no contradiction has been found so far. The present approach may be treated
as an extension of the St6renRice (19 7 5) theory, obtained by incorporating the analysis
of post-critical behaviour, which leads to the unchanged predictions if;P < 00 , The relative
delay of the onset of localized necking predICted for 4) > 00 (cf. Fig. 5) gives a possibility
of obtaining a better agreement with experimental forming limit diagrams in the cases
where the StOren-Rice curve is found to he insufficiently steep.

~cklltJll/e(f(fell1ellll We are graterul to F'rokssl1r Z. r-.larciniak ror valuable comments. The work of one of us
I H.P.) was partially supported by the Alexander \ un H11mbuldt I'ullndation.
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Consider the problem of in-plane biaXial stretching of ,I ,heet under the plane stress assumption at some
stage of uniform deformation when the sheet is homogeneous and orthotropic with respect to (x,. xJ axes. \Ve
assume that the sheet currently occupies a rectangular domain (; In Ihc (.v,. lei plane as shown in Fig. I. and that
along the boundary ,CC; of G the lI1-plane normal velocity and leI''' shear traction rate are prescribed.

Coefficients of the equallom of continuing in-plane eLJuillhrium expressed in terms of in-plane velocities
/',(x,.xJ. /',(x,.x,) under plane stress conditions [ef eLJn (8)! arc denoted h\ ( i.l. k.1 = I. 2. The plane stress
moduli C,;ki are said to be strongh elliptIc if

(AI)

The following moudied version of van Hove's theorel11l.van Hove. 1947) can be proved (Ryzhak. 1991).1' If
constant moduli (' are strongh dhptlc anu orthotroplc wllh respect to the axes (x,. \,,) then

J(- Il, Il ,\4 II (A2)

for every non-/ero contllluous held" : (; • R' of a square Jrllegrclhle gradient and of zero normal component on
,'G. Here. dA is an infinitesimal area element in the (1,.I,i plam'. and 1'), denotes the partial derivative with
respect to\',. with the summatIon comenUon for repeated inuices. B\ the I\ell-kno\\'n argument [ef. Hill (1978)].
eqn (A2) \\'ith constant ( ensures uniLJueness of a solutlOn 10 the r~,peclive lrnear boundary value problem for
velocities.

The actual problem I'm \CIOCllICS IS non-lincar since the mouull ( ()htdined from eqn (4) depend on the
strain-rate direction. Lnlquene" can still be concludcd pr()\lded we have additional information about the
material model. typically in the f,lrm ofa constitutive incLJualit" Tfm Cem bc the relative convexity property (Hill.
1959. 1978). or the less restnctive ineLJuaht\ denved from mlCJomechanical considerations (petryk. 1989). For
the version of the J. (lJrner theorv of plastiCIty (Christoffersen ,IllU II uldllnson. 1979) applied in this paper. it can
be shown IPetryk. 1989. Section 8) that the latter inequalit\ if satlslied along the fundamental path of uniform
proportional stretching. The aSSOCiated tangent modulr (-", I'r()m thc total loading cone are determined as in the
deformation theory of plasticitv and arc orthotropic II llh "espect w the axe, i \',. x,). By combinrng the above
statements. we arrive at the conelusllm thdt dunng proportional slretch111g ofa homogeneous and initially isotropic
sheet. the uniform solutIOn to th,' h,nlmLrrv value problem undl'l ,'onsidcration IS unique so long as (:',:.; are
strongly elliptic

'\Iumencal andlys" has rnealcd (St<;ren and Rill'. l ,r7'1 Inal I,)l II I' the moduli ( of the J,
deformation theory cease I,) be ,trongl" elliptiC when (II iI. I.l'. II hcn the critical stage [eqn (14)] is reached.
If Ii < I then at the critical stage we stili have eqn (A]) I\h,'n u.f I( (11' h" iI. and eqn (A I) becomes an eq uality
for a, = h: = O. Re-examination ()I thl' proof shows that cqn I \21 IS still valid at this instant \\'ith the exception
that the equality is ohtained when,( ( , IS [he only non-Icro ,'Olllp(HlCnl of "\ . i. ( ~. 1.2. Hence. any bifurcation
mode at the critical stage [eqn 114)] must bc or thdt t'onn <lnd is thus 'ndcpendent of x,: this motivated the
selection of the problem ror study as rOl'lnulated in Section 2

To be consistent with the I1llcromechanical analvsh. thc 1"t.L I""dln~ cone or Its boundarv should contain
the current strain rate at even 1',,(/111,,1' poinl on a nO!;-l'rop<>rlloncll ,trcun;ng path (Petryk. 1989. p. 279). This is
not so for the I, corncr theorv (1t plll,tl"l\ used here .. \I hlch n1.l\ )e r,'g"lded as ,111 unsatisfactory feature or the

t Another and quite dltlerl'nl I'll"': ,,: llie nhlddicd thc'ol,''ll ""lllilled here
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model Ih" ma, not he essentialm calculations of smooth deformation paths but becomes more important wben
multIple hifurc,;tIons occur as in the plane stress example examined in the present work.

,\PPEND[X B

We prel\ Idl' hcllll\ some details of I he analysis from Section 3 along with the proofs of the statements
formulated there.

Fe)]' eljn (12) to hold. the meljua[itv has to be satisfied in particular for D , --+ ± x and for D, --+ D? On
Q,b,titutll1g (" 'C\DI\ and using the continuity and homogeneity of the constitutive law. we obtain

"(, (I)','. fi,)? 0 at any x, E(O,!)

(BI)

(B2)

as p,welju,s,tes for cljn 112). prOVIded. of course. that the modulus C" is well defined at these arguments.
fhe ineljuailties in eljns (12). (B I) and (B2) can be regarded as one-dimensional plane stress specifications

for the sheet material, of the conditions of material stability discussed by Petryk (1992). Accordingly, the condition
IB I) is interpreted as necessary for (dynamic) stability of equilibrium, at any boundary conditions. If the angle
c!' between the plane stram rate f:> involved in eljn (BI) and fi is smaller than tio then failure ofeqn (B2) implies
failure of eljn (8 [I. In typical circumstances where (II is decreasing in time at any value of D, ;:. D

"
this gives no

possibility of satisfying (81) just beyond Ji"'" This justifies the statement about instability of post-critical
eljuilibnum stales in the case ¢ < (i". For example, this is so for the classical elasto-plastic models for any value
of Ii. For the rigid plastic version of the j, corner theory (Christoffersen and Hutchinson, 1979) with 80 = 22.5',
this" so for fI < 0.2395 if E, E, = 0.2 and for p 0.4070 if E,iE, = O.S. For negligible elastic compliancies, 80 is
Ickntltied with an angle of the total loading cone 111 stress-rate space.

If 1/) > II, at W"" then usually {"I ": 1.0) 0 at and just beyond .!t"". From {,,(± 1,0) > a and from
contll1ulty and homogeneity of (it follows that ((D,. 15,) --+ + x. as iD,I--+ x. On the other hand, CII (15"D,)
usually becomes negative on the fundamental path just beyond ,.If"" so that the graph of rJ as a function of D , at
lixcd 15, > 0 becomes non-convex and takes the form shown qualitatively in Fig. 2(c), possibly with more than
tl\O inflection points.

Consider any post-critical solution path imolving a homogeneous zone where the graph of 0 vs D, has the
ljualitative form shown in Fig. 2(h) or (c). [n analogy with the critical instant corresponding to Fig, 2(b), a family
of secondary solutions can be constructed which are piecewise uniform in that zone and are generated by a pair
of strain rates such that the respectIve stress rate,. i.e. the slopes of the C-graph. are eljual to each other.t The
non-convexity ot'the (-graph implies the existence of mfinitely many such pairs with their members taken from
Vicinities or the langent points of a supporting straight line [the dashed line in Fig. 2(c)], This demonstrates the
eXIStence of infinitely many velocity solutIOns at every point on any path under consideration. Along the fun­
damental post-critical path without necking, the secondary solutions are. moreover. energetically preferable to
the uniform mode. in the sense of violatIon of eljn ! II). This is the interpretation of the path instability in the
enel'gv sense for the present problem lcf. Petryk (1991. 1992)] . such a path is regarded as unrealizable in a physical
,ystem. SimIlarly. quasI-static bifurcation within a single and vanishingly narrow band without affecting the
deformatIOn path elsewhere violates the stability requirement outside the band and is regarded as unrealizable.

To avoid such instability, we must exclude I{" (D',', D.))' < () everywhere at the critical instant. However,
we can expecl I(" I D,. 15.))' < a for every D, satlSfymg l' < 0" provided 0" is not too large; for instance, this is
ensured 1'01' the total loading moduli of j, deformation theory with a power hardening law when eo ~ min
(cp.:: 2 1jJ). as can be shown by algebraic manipulatIons of the formulae. If this is so then we must have ¢ = tlo
at evcry point ofddfercntiability of/'i. i.e. D'iCv.) IS equal to either D, or Dt.

To illustrate better the meaning oreljn (16), suppose that the material obeys the j, corner theory of plasticity,
developed by ChristofTersen and Hutchinson (19791. In the limit when elastic compliancies are neglected. the angle
riJ IS dctennllled by the formula 14.51 in the paper .lust citcd which for D, > () can be reduced to

t<lnq' .~ 1.1F. L 1 JI'.1\- 15" ~_
12+ plD, +(1 +2p)D,'

(B3)

\\ here L, and L. arc the t,m!!ent and ,,'cant modulus. respectively, L: > Et > O. In particular. the angle rp between
D and 0 is dt'tined bv ~

P

2+1'
(B4)

For a po\\er hardening law I\ith an exponelll V wc have L,:E = I N.
On determining the values D and D: I'mm cljn (B3) for l' = Oil, substituting them into eqn (IS) and using

1841. we arrive again at eljn(16).
The eljuations (17) and (18) governing the necking band evolution represent the classical Weierstrass­

Erdmann corner conditions of the calculus of variations, specified for the minimization problem (II); note that
such 0'''' and D', correspond to the tangent points of the O-graph to a common straight line [the dashed line in
Fig 2Icl]. The post-critical solution is acceptable if the approximatet consistency condition h < hD\h) is satisfied
and ,f eljn (12) is not violated in zones Ill) and (hl. The solution can be continued unless h decreases

"'In the case corresponding to Fig. 2(cl, the mean stram rate within that zone is not given but is to be found
frclill the condition [eljn 110)] of continuing eljuilibriulll.

~ The actual consistency condition is thaI the 1ll1lninal width of zone (h) is decreasing. However, this width
cannot be determined fmlll the equations above
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eventually to zero, which on 'Iccount of eqn (15) IS necessanly aCL'ol11panied hy /)'/" -~ " so that the transition to
localized necking is obtained, From eqns 110) and (7) we find that in the limit we must have (;" (I, I"hl, j( "") = ('I
(D"hl, /5"j('''') --> 0 as I'u" == 15, u/" --> 0, sO that the lransilion t,) locali/ed necking is accompanied by approach­
ing the limit of stabiIi tv ofequilibriutll,

The case when the nominal WIdth of /one Iii) is decreasln" ill Illlle can he examined in an analogous manner.


